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1. INTRODUCTION




Jontext

System of conservation laws with source term:

W + div(F(W)) = 7(W)(R(W) — W) (1)

m A: set of admissible states,

m W e Ac RY: conservative variables,
m F: physical flux,

m v > 0: parameter of the stiffness,

m R: continuous function which satisfies the conditions from Berthon, LeFloch,
and Turpault [BLT13].

F. Blachére (UTT)



Jontext

System of conservation laws with source term:

W + div(F(W)) = 7(W)(R(W) — W) (1)

m A: set of admissible states,

m W e Ac RY: conservative variables,
m F: physical flux,

m v > 0: parameter of the stiffness,

m R: continuous function which satisfies the conditions from Berthon, LeFloch,
and Turpault [BLT13].

Under the compatibility conditions, (1) degenerates to a diffusion equation when
vt — oo

Orw — div(f(w)Vw) = 0. (2)

m w € R linked to W and f(w) > 0. J
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Example #1

Telegraph equations
{@u + dzau = o(v — u)

atU — 8ma1} = o-(u — U)

A= {(uv)" R}

Formalism of (1):

s W=(u o)’ a FW)=a(u —uv)7"
m RW)=(v u)T " y(W)=0>0
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Example #1

Telegraph equations

{

A={(u,v)" e R?*}

Oru + Ozau = o(v — u)

Ov — Ozav = o(u — v)

Formalism of (1):

s W=(u o)’
s RW)=(v u)’

Limit (ot — 00):

F. Blachére (
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Example #1’

Telegraph equations

Otz + Ozaw =0
Ow + Oraz = —20w

A={(z,w)" e R?*}

Formalism of (1):

s W=(z w)?’ n F(W)=qa(w 2)7
n RW)=(z 0)" my(W)=20>0

Limit (ot — 00):
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Example #1”

Telegraph equations

Oz + e t8,aw =0
Bw + e t0zaz = —2e 20w

A={(z,w)" e R*}

Formalism of (1):

s W=(z w)?’
s RW)=(z 07

Limit (¢ — 0):
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Example #2

P; model for radiative transfer:
O FEr + diV(FR) =0

2
0:Fr + %VER S

A= {(ER>FR)T S RS}

Formalism of (1):
2 T
" F(W) = (FR, 2 ERI)

s W= (ER,FR)T
| ’Y(W) = cg-d

= R(W) = (Eg,0)"

uTT)
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Example #2

P; model for radiative transfer:

MhERr + diV(FR) =0

2
O Fr + %VER = —co'Fp

A={(Er,Fr)" e R*}

Formalism of (1):

s W = (Er,Fr)" s F(W) = (FR, %ERI)T
= R(W) = (Eg,0)" m (W) = co?

Limit (co% — 00):

8 Er — div (?TidVER) -0

F. Blachére (UTT)



Advantages of an AP scheme #1

Gaussian:

20(x) = uo(x) + vo(x) = exp(—50z?) ;wo(z) = uo(x) — vo(x) =0
0=10°;t; =1;Az=2x10""

—P1D
0.15 |
. 0.1
5.1072 |
0 ; ; : >
-1 —0.5 0 0.5
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Advantages of an AP scheme #1
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Advantages of an AP scheme #1

Gaussian:

20(x) = uo(x) + vo(x) = exp(—50z?) ;wo(z) = uo(x) — vo(x) =0

0=10°;t; =1;Az=2x10""

0.15

0.1

5-1072

”ﬁ —P1D 5ﬂ
+ —— HLL-SRC +

| + HLL-AP

-1 —0.5 0 0.5
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Advantages of an AP scheme #2

Gaussian:

20(x) = uo(x) + vo(x) = exp(—50z2) ; wo(z) = uo(x) — vo(z) =0

0=10%;t;=1;Az=2x10""

— P1D

0.8

0.6 |

0.4 ¢

0.2 1
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Advantages of an AP scheme #2

Gaussian:

20(x) = uo(x) + vo(z) = exp(—50z°) ;wo(x) = uo(z) — vo(x) =0

0=10%;t;=1;Az=2x10""
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Advantages of an AP scheme #2
Gaussian:

20(x) = uo(x) + vo(x) = exp(—50z2) ; wo(z) = uo(x) — vo(z) =0

0=10%;t;=1;Az=2x10""

1 -
— P1D
—— HLL-SRC
0.8 1 + HLL-AP

-1 -0.5 0 0.5 1
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Advantages of an AP scheme #3

Gaussian:

20(x) = uo(x) + vo(x) = exp(—50z2) ; wo(z) = uo(x) — vo(z) =0

c=10%;t;=1;Az=2x10""

— P1D

0.8

0.6 |

0.4 ¢

0.2 1
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Advantages of an AP scheme #3

Gaussian:

20(x) = uo(x) + vo(z) = exp(—50z°) ;wo(x) = uo(z) — vo(x) =0

c=10%;t;=1;Az=2x10""

1 -
— P1D
—— HLL-SRC
0.8 1
0.6 |
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Advantages of an AP scheme #3
Gaussian:

20(x) = uo(x) + vo(z) = exp(—50z°) ;wo(x) = uo(z) — vo(x) =0

c=10%;t;=1;Az=2x10""

1 -
— P1D
—— HLL-SRC
0.8 1 + HLL-AP

-1 -0.5 0 0.5 1

F. Blachére (UTT)



Advantages of an AP scheme #4

Gaussian:

20(x) = uo(x) + vo(x) = exp(—50z2) ; wo(z) = uo(x) — vo(z) =0

c=10°;t; =1;Az=2x10""*

— P1D

0.8

0.6 |

0.4 ¢

0.2 1
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Advantages of an AP scheme #4

Gaussian:

20(x) = uo(x) + vo(z) = exp(—50z°) ;wo(x) = uo(z) — vo(x) =0
c=10°;t; =1;Az=2x10""*

1 -
— P1D
—— HLL-SRC
0.8 1
0.6 |
z
0.4 ¢
0.2 ¢
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Advantages of an AP scheme #4
Gaussian:

20(x) = uo(x) + vo(z) = exp(—50z°) ;wo(x) = uo(z) — vo(x) =0

c=10°;t; =1;Az=2x10""*

1 -
— P1D
—— HLL-SRC
0.8 1 + HLL-AP

-1 -0.5 0 0.5 1
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Aim of AP scheme (Jin/Klar)

Conservation laws (1) : vt — oo Diffusion equation (2) :
H#W + div(F(W)) = v(W)(R(W) — W) 0w — div(f(w)Vw) =0
P
|
consistant : | . 2
At, Az — 0 : consistant 7
|
|
Numerical scheme ) Limit scheme

vt — oo

F. Blachére (UTT)



Possible schemes (non exhaustive list)

Rusanov/[HLL83| with explicit centered discretisation of the source term,

Jin and Levermore [JL96],

full implicit or IMEX [BPR13],

B Gosse and Toscani [GT02],

B AHO/TAHO from Aregba-Driollet, Briani, and Natalini [ABNO0§],

generalisation of [GT02] by Berthon and Turpault [BT11].

inspired by low-Mach scheme from [Girl4; CGK16] by Chalons et al. in [CG17;
CT18],

F. Blachére (UTT)



2. PRESENTATION OF THE SCHEMES USED
B HLL-SRC
B HLL-AP
B HLL-4
B AHO/TAHO

29/08/2018
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2. PRESENTATION OF THE SCHEMES USED
B HLL-SRC




HLL-SRC

At

Wit =Wl - E(]_—in-kl/2 — Fit1/2) + AtS(W"), (3)
m F}' 15t standard HLL
m CFL condition: A
T
At ——
~ 4(a + 20Ax)

F. Blachére (UTT)



HLL-SRC,

Limit

n,O_O

1,0 0
ZZL-&- 0 — ms

a’At oAz

n,l

—

Z.
20Ax  a GRl

— 2 4

7

223)




2. PRESENTATION OF THE SCHEMES USED

B HLL-AP




HLL-AP [BT11]

with

n n At
4% H1 Wit — Fx(ai+1/2fi+l/2 - 051‘—1/2]:1'—1/2)

LAt
Az

Qijpr1/2 =

((1 —aj—1/2)Si—12 + (1 — ai+1/2)Si+1/2) g

2bi11/2
2b¢+1/2 + (0’ + 6)Ax

=1+ O(Azx) € [0;1],

F. Blacheére (

uTT)




HLL-AP [BT11]

n n At
w; = Wi — Fx(ai+1/2fi+l/2 - ai—l/Z]:i—l/Z)

A (4)
+E ((1 —aj—1/2)Si—12 + (1 — ai+1/2)Si+1/2) g
with -
Q12 = p— =1+ 0(Ax) € [051],

2b¢+1/2 + (0’ + 6)Ax

m J /50 standard HLL
m classical hyperbolic CFL condition:

F. Blachére (UTT)



HLL-AP, AP ?

Limit

2
n,0 At a n,0 n,0 n,0
(2741 — 2277 + 2773)




2. PRESENTATION OF THE SCHEMES USED

B HLL-0




HLL- [CG17; CT18|

Wi Al == W,L - E(I‘i_’_l/g - fi_l/g) + AtS(Wl), (5)

F. Blachére (UTT)



HLL- [CG17; CT18|

n n At
Wi Al == W,L - E(I‘i_’_l/g - fi_l/g) + AtS(Wl), (5)
or: At
Win+1 = Wzn - E(]:i-kl/Q - -7:1'—1/2) + AtS(Win+l)7 (6)

F. Blachére (UTT)



HLL- [CG17; CT18|

. . At
Wit = Wi - E(fi+1/2 — Fi—1/2) + AtS(W5),
or: At
W = By P+ BISO

m numerical flux:

" 1
Fiv1i/2 = 3 (F(W¢+1) + F(Wi) = 0;41/2(Wig1 — Wz)),
with 1
Oiy1/2 = Trot O(E)

F. Blachére (UTT)




HLL- [CG17; CT18|

. . At
Wit =w — E(fi-}—l/Q — Fi—1/2) + AtS(W3),
or: At
Wit =W~ M(]:iﬂﬂ = Ficy2) + AtS(WT),

m numerical flux:

" 1
Fiiaje = > (F(W¢+1) + F(Ws) = 0ip1/2(Wigr — Wz)),
with 1
Oit1/2 = 1+ ot = O(E)
m CFL condition: A
T
< B
Ats 4(a + 20Ax)
or:
Az 20Az>
< mi —
At < min <2a0’ > )

F. Blachére (UTT)




HLL-6, AP ?

Limit




2. PRESENTATION OF THE SCHEMES USED

B AHO/TAHO




AHO2p [ABN08; ABN16|

AAE QAL
[/[/"+1 N V4 "o _Wnr X no oW W
i - i 2Ax( i+1 z—l) + 2Aac< i+1 2 i T 1—1) (8)
+ At(B_1 W'y + BoW;" + B1aWii4),

F. Blachére (UTT)



AHO2p [ABN08; ABN16|

AAE, ., n QAL
2hs Vi~ Wi+ org
aF At(B_lwi’il + BoW," + B+1Win+1),

Wit =W — (Wi —2W" + Wity)

(8)

0 1 1 0
m A, Q for [Rus6l]: A:a(1 0) and Q-a(o 1),

m consistency of the source term: B_1 + By + B11 = S(W) + T + AzC,

F. Blachére (UTT)



AHO2p [ABN08; ABN16|

AAE, ., n QAL
2hs Vi~ Wi+ org
aF At(B_lwi’il + BoW," + B+1Win+1),

Wit =W — (Wi —2W" + Wity)

(8)

0 1 1 0
m A, Q for [Rus6l]: A:a(1 0) and Q-a(o 1),

m consistency of the source term: B_1 + By + B11 = S(W) + T + AzC,

m CFL condition:
Ax

2
A = At ———M———
T s o and  Af < a+ Azo(a® + 1)

F. Blachére (UTT)



AHO2p, AP ?

Limit

At a®
Azx? 20

(23] = 220° + 2°7) + O(cAz?)




3. REsuLTs
B Riemann problem
B Continuous solution
B Convergence to the diffusion




3. REsuLTs
B Riemann problem




Riemann problem

Computations of the solution in [Blal6]

u(0,z <0)=-1 ; wu(0,z>0)= 1
v(0,z<0)=0 ; v(0,z>0)= -1
il 7 F——
+U
ov
0.5 1

0 000000000000

B Tmax = —Tmin = 1,
ma=05Tf=1,

B Az =2x1072,
|

Neumann boundary conditions.

F. Blachére (UTT)




Riemann problem

Reéférence
— HLL-SRC
0% —— HLL-AP
—— HLL-§
—— AHO2p
—0.5 |
zZ o _q
—15 ¢
—1 —0.5 0 0.5 1
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Riemann problem

Référence

F. Blachére (UTT)



Riemann problem

Référence
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Riemann problem

Référence
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Riemann problem

Référence

F. Blachére (UTT)



3. REsuLTs

B Continuous solution




Jontinuous solution

From [BDF12; BT17; CT18]

2(t,2) = = cos [ 222 (o +w) expltw — 0)) + (7 — w) exp(—t(w + 7))
t UCOS<L>[+ exp(t aF exp(—t(w + ] w0

w(t,z) = §2LL’1 sin (27]23:) [exp(t(w —0)) + exp(—t(w + O’))j|

2 2ma 2
8 L = Tmax — Tmin, w = 0° — (££2)" >0,
B Tmin :O, Lmax — 17
ma=1,

m periodic boundary conditions.

F. Blachére (UTT)
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Continuous solution

1072

1073

1074

107°

106

T T 1T

T
CO+ + ++

T T TTTI

T
Ll

[\

T
Ll

T

o=8,T; =01

uTT)

+ HLL-SRC

+ HLL-AP
+ HLL-0
oHLL-6-P1
+AHO2p

oHLL-SRC-P1




Continuous solution

1072

1073

1074

1075

UL AL AL AL

T T T T

[T

T T T T T 1]

+
h o +
+
+
8
+
8

+

+ +
+

+

+
+
+
]

Ll
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103

+ HLL-SRC

o HLL-SRC-P1
+HLL-AP

+ HLL-0

o HLL-6-P1
+AHO2p




Continuous solution

€r2
£ S ' |[+HLLSRC
ol ¥ . | [oHLL-SRC-P1
. + * | [+HLL-AP
Sl + s * . | | +HLL-9
o 8 e + | |oHLL-¢-P1
P 1 |+ AHO2p
107° 8 T
= + ]
[ o " + -
107 F ° ¥ E
r o) +
5| 3 ° |
1075 y
: %§ ° |
1075 | & |
=1 L1 L] = N

102 103

o =232, T; = 0.4
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Continuous solution

€r2
(0] . T T — = T T T T T T T T T T —]
i ‘ ‘ 1 [+HLL-SRC
) I # | |oHLL-SRC-P1
107" ¢ H . 5 |+HLL-AP
[ ]
N . . + . + HLL-0
02E + | |oHLL--P1
§ * N 1|+ AHO2p
1073 + b A
k + g
1074} 3 .
g k3 E
= + ]
10-5 r3 ° 5 +
E 2 E ; E
E o B
r 1 ]
1076 | 8
E ! Lo ! ! ! Lo E N

102 103
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Continuous solution

€r2
100; T T TTYK[ T T T T TTYY[ E +HLL_SRC
= + E|
§ + . | |oHLL-SRC-P1
107! ¢ + | |+HLL-AP
B * + | |+HLL-0
10-2 5 + | |oHLL-6-P1
E * . + E +AHO2p
10_3§ + 8 * +
- + (o] ]
—al Q N
107 2
L3 3 i
107° 2 o + o
S e
106 | o |
z Il [ | Il Il Il R | E
102 103 N

o =128, Ty = 1.6
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Continuous solution

€r2
100 i ; T T T 1 1 [ T T T T T T 1 71 [ ; +HLL_SRC
+ . 1 [oHLL-SRC-P1
-1 L * . | |+HLL-AP
* |+ HLL-0
10-2L- @ | |oHLL-6-P1
g o + N g +AHO2p
B ° i
07°F oo .
F + 7
104 b * o ;
F + E
L 3 9 o i
10771 2 s E
Pl &
1076 | o
0 Il [ | Il Il Il R | -
102 103 N

o =256, Ty = 3.2
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Continuous solution

€r2
. P ; T T T T T T T T T T T T T E + HLL-SRC
0 e, | |oHLL-SRC-P1
. F ¥ 1 [+HLL-AP
107" T 1 |+HLL-0
r o 1 |oHLL-6-P1
1072 E
E [ o E +AH02p
= o + ]
-3 L -
O o
n + +
-4 L o -
10 E 5 + o o E
1075 | 2 : Q o .
1 E§§§§§§ :
= 3 ]
—6 [ -
10 g [ B R R | L L [ R R R | E| N

102 103
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Continuous solution

€r2
0 F ; T T T ; T [ T T T T T T 1 71 [ : +HLL_SRC
107 E * + . 1 |oHLL-SRC-P1
a0 + | |+HLL-AP
1077 3 |+HLL-¢
N 1 |0 HLL-0-P1
1077 E o o 1 |+ AHO2p
E— ]
B ° ]
-3 | |
N T
B N ]
1074 F * 8 t-d
E + o E
r 3 N
1075 % * 0 o+
B § + 8
10-e | LN
E Il [ | Il Il Il R | E| N

102 103

o =1024, Ty =128
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Jontinuous solution

€r2
0 T T 1 71 [ T T 1 1 [ 0,:8, Tf :O.l
107 ¢ 1m0 =16,Ty =02
. 1 |——0=32T; =04
I 1|——0=64,T; =08
i 1| ——0=128,T; =16
1071 o | —®—0 =256, Ty = 3.2
B 1 |——0=512,Ty =64
- 1 |—e—0 =1024, Ty = 12.8
1072 F 2 E
F o1 i
1073 B Ll (| | N
102 103
HLL-SRC
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Jontinuous solution

€r2

10—15‘ T T T T T T ] é +0’=8,Tf=0.1

i 1|—®0=16,Tf =02
102k J|——0o= 32, Ty =04

E 1|—+—0c=064,Tf =038

I 1| —+—0 =128, Tr=1.6
1073 4 |—e— 0 =256, Ty = 3.2

B 1|——o0=512,T; =6.4
10-4 ; ; —e—0 =1024, Ty = 12.8
1077 2

. & ]
10_6 ? é

[l Lo L1l .|

10? 103 N
HLL-SRC-P1
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Jontinuous solution

—e—0=8,T;=0.1
—a—0=16,Tfy =0.2
——0=32,Tf =04
——0 =64, Ty =0.8
——0 =128, Ty =1.6
—.8— o0 =256, Ty = 3.2
—+—0=512,Tf =6.4
—o—0 =1024, Ty = 12.8

[t
9
N
T T TTTIT

1074

/

T T T T
|

1075

T
— N
Ll

1076

L1l L1l

102 103

iy
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Jontinuous solution

€r2

i T T E+O':8,Tf20.1

| | |-—m—o=16,T;=0.2

| || ——0=32,T;=04
Ly ——0 =64,Ty =0.8
1077 1| ——0=128T;=16

i 1|—®—0 =256, Ty = 3.2

| i —_— 0 = 5]_27 Tf — 64:

- || —e—0=1024, Ty = 12.8
10731 2 E

- i
10_4* il e il il e N

10? 10°
HLL-6
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Continuous solution

€r2

1072 % T 1 71 [ T T 1 1 [ 75 0,28, Tf :O.l

F ||-—=—0o=16,Ty =02

| | —A—0=32,Ty =04
1073 | 4 |—*—0=64,Ty =038

B 1|——0=128,T; =16
1074 | | |—+—0=0512,Ty =6.4

g || -0 =1024, Ty = 12.8

—5 | |

10 g 2 g

- & |
107° | =

o Lo L1l = N

102 108
HLL-6-P1
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3. REsuLTs

B Convergence to the diffusion
@ Increasing ot
@ Late-time behaviour




Jonvergence to the diffusion

Convergence rates from [BHNO7]

||(958tz||Lp =01+ Ut)*%(lfl/p)fﬁ/%uz
168211, = O(1 + ot)~2A-1/P=4/2
afatw =0O(1 + ot -501-1/p)—-B/2-1 .
LP
s = -2(1-1/p)—-B/2-1/2
||8zw||Lp = 0(1 =+ o't) 2
192(2 = 2p)|l,,, = O(1 + gty =2 O7/P=p/2=1/2

Gaussian:

F. Blachére (UTT)



Increasing ot

0.1}

5-1072

B Tmax = —Zmin = 4,

ma=1,

m Neumann boundary conditions,
mo=10,T; =10, Az =4 x 1072

121l oo
100 | e ‘ -
i ¥ ]
i i, ]
1/2
107" N E
| Ll L1l H
10° 10" 10
1+ 20t
P1D
+ HLL-SRC
+ HLL-AP
+ HLL-6
+ AHO2p
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Increasing ot

z [ _1ZD||L°°
‘ 107 EH\‘ T T \\\\H‘ T T \\\\H‘ 4;
011 | P + F e E
i oy ++m"""'\ 1
10-2 a + . : ++::‘“'"\ E
= + =
51072 | : g "u\ :
107° E
L 1 E
07 | | | | | | 10_4 ;\\ Lol I \\% E
1+ 20t
S | P1D
" Pmax = Tmin = + HLL-SRC
ma=1, + HLL-AP
m Neumann boundary conditions, + HLL-0
mo=10,7T; =10, Az =4 x 1072 + AHO2p
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Increasing ot

B Tmax = —Zmin = 4,

ma=1,

m Neumann boundary conditions,
mo=10,7T; =10, Az =4 x 1072

[[wll oo

107!

1072

T \\\H”
+
RS

T T T TTTTT

:

¥

N

10°

10*

102

14 20t

+ + + +

P1D
HLL-SRC
HLL-AP
HLL-0
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